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A B S T R A C T

Resolved resonance region evaluations of the major isotopes of natural lead, 206Pb, 207Pb, 208Pb, have been
performed to support the development of Generation IV reactors. Validation of nuclear data for lead fast
reactors was performed with simulations of shielding benchmarks, integral critical benchmarks, and quasi-
differential scattering measurements. Sensitivity analyses of these systems showed that elastic scattering
reactions above 100 keV were the dominant reactions driving system performance. The resolved resonance
regions (RRRs) of the lead isotopes extend past 100 keV, making the RRR an ideal starting point to evaluate
lead cross sections. Since the R-matrix requires knowledge of bound, distant, and observed resonances, it was
necessary to evaluate from 10−5 eV up to the respective limit of the RRR. The 208Pb RRR evaluation was
extended to 1.5 MeV in order to obtain resonance parameters used to calculate new elastic scattering angular
distributions up to 1.5 MeV. Resonance parameter uncertainties and covariance were generated using the
R-matrix code SAMMY. The new RRR parameters show a direct improvement to the scattering kernel below
1.5 MeV which in turn greatly improves fast critical experiments over ENDF/B-VIII.0.
1. Introduction

Molten lead and lead-bismuth eutectic are considered attractive
candidates for coolants in generation-IV (GEN-IV) reactors due to
superb neutron and thermal properties (Smith, 2010). Lead is one of
two metals envisioned as coolants for liquid metal reactors, the other
being sodium. While similar thermal properties can be achieved with
either metal, lead maintains a negative void coefficient which is not
the case for all sodium designs (dos Santos and do Nascimento, 2002).
This coupled with the fact that molten lead does not have the same
enthusiastic (highly reactive) relationship that sodium has with water
means that lead fast reactors can be built without an intermediate heat
exchanger and therefore lower cost. Besides lead fast reactors (LFRs),
lead-cooled accelerator driven systems (ADS) (Abderrahim, 2004) and
material test beds (Mamtimin et al., 2018) are both planned. The
latter systems will also be used for material validation of other GEN-
IV technologies, primarily molten salt and liquid metal fast breeder
reactors, as well as pilot studies into the transmutation of spent fuel.

✩ Portions of this manuscript have been submitted as: P. Brain, Y. Danon, D. Brown, and D. Barry, Resolved Resonance Region Analysis of 206Pb, 207Pb, 208Pb
for Next Generation Lead-Cooled Fast Systems, EPJ Web of Conferences 284, 14005 (2023), ND2022 (Brain et al., 2023).
∗ Corresponding author.
E-mail address: brain@lanl.gov (P. Brain).

Lead is an ideal coolant in fast systems because it has high atomic
mass and low neutron capture cross section, contributing greatly to
preserving the neutron flux in fast systems. As the name implies, LFRs
utilize a fast neutron flux to breed and burn fuel. ADS and test beds are
sub-critical multiplying systems coupled to linear accelerators. Thus, all
envisioned systems will make use of a fast fission spectrum, with the
ADS and test beds spectrum reaching even higher neutron energies.
Unfortunately, no LFR or similar system exists currently which may
be used to test lead neutron evaluations. Instead, systems analogous
to LFRs need to be used for nuclear data validation. To this end,
integral critical and shielding experiments from the International Criti-
cality Safety Benchmark Evaluation Project (ICSBEP) (Anon, 2020) and
quasi-differential scattering measurements from Rensselaer Polytechnic
Institute (RPI) (Saglime et al., 2010) were identified as lead-sensit-
ive validation systems to use. Critical experiments in the ICSBEP
are historical experiments from both the US and former soviet union
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(Zrondnikov et al., 2000). Previous work in analyzing these systems by
der Marck et al. (2012) and Youmans et al. (2015) suggested that lead
cross sections in widely used international nuclear data libraries were
deficient in reproducing effective multiplication factors and measured
scattering rates. As lead nuclei cross sections are dominated by the
scattering reactions, the quasi-differential scattering measurements are
helpful in identifying poor scattering cross sections. Furthermore, all
but two critical configurations in the ICSBEP are lead-reflected meaning
that the differences in k𝑒𝑓𝑓 between libraries observed by van der
Marck could be attributable to scattering as well. To determine the
root cause of these issues, MCNPv6.2® (Werner, 2017)1 was used to
simulate the lead-sensitive systems with lead nuclear data from the
JENDL-5.0 (Iwamoto et al., 2020), JEFF-3.3 (Plompen et al., 2020),
and ENDF/B-VIII.0 (Brown et al., 2018) libraries. Comparisons of the
evaluated nuclear data were made as were studies into the relative
sensitives of the experiments to the isotopic cross sections. These two
steps form the pre-evaluation phase covered in Section 2. Following the
pre-evaluation phase, the identified isotopes and reaction cross sections
were updated using the Bayesian R-matrix code SAMMY (Larson, 2008)
described in Section 3. In addition to the RRR parameters, nuclear
data covariance of the evaluated parameters were generated during
the Bayesian analysis in Section 4. Finally, the same lead-sensitive
systems were simulated again to study the impact the new RRR pa-
rameter evaluations made. As the evaluation was sponsored by the
DOE-NEUP (Danon et al., 2019), the goal was to produce evaluations
that improves fast benchmarks (fast critical experiments, shielding
benchmarks, and quasi-differential scattering) over the ENDF/B-VIII.0
library.

2. Pre-evaluation methods

To begin the pre-evaluation phase, MCNP input decks of the lead-
sensitive systems (shielding, critical, and quasi-differential measure-
ments) were assembled and run. All calculations made use of ENDF/B-
VIII.0 cross sections except for the lead isotopes. Fig. 1 shows the
calculated over experimental (C/E) value of k𝑒𝑓𝑓 from the various
libraries for critical benchmarks PMI-04, MMF-06, HMF-64, HMF-57,
HMF-27, and PMF-35 (Lell et al., 2020)(Rozhikhin et al., 2020)(Lyutov
et al., 2020)(Lee et al., 2020)(Gorbatenko et al., 2020a)(Gorbatenko
et al., 2020b).

Simulations using JEFF-3.3 and JENDL-5.0 cross sections calculate
similarly for the fast systems shown while the ENDF/B-VIII.0 library
performs poorer. In short, there is no good agreement with the exper-
imental values as simulations using any library seem to calculate k𝑒𝑓𝑓
outside of the reported benchmark error. Since simulating using cross
sections from JEFF-3.3 and JENDL-5.0 give similar results, an effort was
made to determine which cross sections were causing the differences.

2.1. Differential data for evaluation

The natural isotopes of lead are 204Pb (a/o = 1.4%), 206Pb (a/o
= 24.1%), 207Pb (a/o = 22.1%), and 208Pb (a/o = 52.4%) (Prohaska
et al., 2022). Lead nuclei are unique among heavy isotopes since they
are either double magic (208Pb) or close to double magic (206Pb, 207Pb)
nuclei. Double magic refers to both the neutron and proton shells being
full. The result of having filled or nearly filled proton and neutron
shells is low capture cross sections that are accompanied by large level
spacing and high inelastic thresholds. Therefore, elastic scattering, and

1 MCNP® and Monte Carlo N-Particle® are registered trademarks owned by
riad National Security, LLC, manager and operator of Los Alamos National
aboratory. Any third party use of such registered marks should be properly
ttributed to Triad National Security, LLC, including the use of the designation
s appropriate. For the purposes of visual clarity, the registered trademark
ymbol is assumed for all references to MCNP within the remainder of this
2

aper.
Fig. 1. Collection of C/E values for k𝑒𝑓𝑓 of fast critical benchmark from the ICSBEP
handbook. Simulations from various lead libraries show JEFF-3.3 and JENDL-5.0 out
perform ENDF/B-VIII.0 but no library calculates within benchmark uncertainty. All
calculations use ENDF/B-VIII.0 fissile and structural materials.

to a smaller extent inelastic, dominates within the resolved resonance
region. To summarize the libraries, JEFF-3.3 and JENDL-5.0 evaluated
nuclear data files (ENDF) appear almost identical within the RRR. This
includes both the partial cross sections and secondary neutron distribu-
tions in the three major isotopes. The ENDF/B-VIII.0 evaluations, on the
other hand, do not include the most contemporary (𝑛, 𝛾) measurements
rom nTOF and Geel for 206,207Pb (Borella et al., 2007; Domingo-Pardo
t al., 2007, 2006) and have roughly twice the capture worth relative
o JENDL/JEFF 208Pb. Additionally, the ENDF/B-VIII.0 evaluations
ere released before the inelastic data of Mihailescu (Mihailescu and
lompen, 2006; Mihailescu et al., 2008) and Negret (Negret et al.,
015) were available, impacting the inelastic cross section of 206Pb
nd 207Pb. One constant between lead evaluations is the total cross
ections. All current evaluations of 206,207,208Pb derive their total cross
ections from transmission measurements done at the Oak Ridge Linear
ccelerator (ORELA) in the 1980s by Horen (Horen et al., 1979, 1978),
arvey (Harvey), and Carlton (Carlton et al., 1991).

Though the capture cross sections differ for 208Pb by a factor of two,
he elastic-to-capture ratio is on the order of hundreds to thousands.
hat is to say, the total, and by extension, the integrated elastic
ross sections of 208Pb, are consistent between all evaluations. With
nly the elastic and capture channels open within the 208Pb RRR, the
lastic scattering angular distributions (ESAD) cause the majority of
he differences in the evaluations. This is not the case with 206,207Pb

where inelastic cross sections are present and the probability to absorb
neutrons is greater. Summarizing the differential constraints, the cross
sections of 208Pb are largely fixed in the RRR except for the elastic
scattering angular distributions which are still unconstrained. The mi-
nor isotopes 206Pb and 207Pb have larger capture cross section but this
only affects thermal systems. The differences in the evaluated elastic
and inelastic cross sections are larger for 206Pb and 207Pb than 208Pb
ut the total cross sections are roughly the same across libraries.

.2. Sensitivity analysis of lead systems

Of the validation systems, the shielding benchmarks are the least
ensitive to the lead cross sections. ALARM-TRAN-PB-SHIELD-001
Miller et al., 2020), performed at the Valduc burst assembly, reports
oil activation measurements with uncertainties on the order of 10%
aking all evaluations fall within uncertainty. Similarly for ALARM-CF-
B-SHIELD-001 (Manturov et al., 2020), no appreciable differences are
een between the evaluations from 20 to 60 cm worth of lead shielding.

Integral critical experiments were studied via the KSEN card built
nto MCNP. KSEN is a tally option in eigenvalue problems that produces
djoint-based sensitivity coefficients which are the exact derivative of
he eigenvalue with respect to a given parameter, 𝑃 (Favorite, 2018).

𝑘𝑒𝑓𝑓 ,𝑝 =
𝛿𝑘𝑒𝑓𝑓𝑃 (1)

𝑘𝑒𝑓𝑓 𝛿𝑃
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Table 1
Integrated sensitivities (1×10−5 to 20 MeV) of three fast critical assemblies to a variety
of lead isotopes and their reactions.

Reaction PMF-35 HMF-27 HMF-64
208Pb (𝑛, 𝑒𝑙.) 4.46×10−2 4.14×10−2 1.29×10−1
𝑃1 Moment 4.81×10−2 4.36×10−2 1.34×10−1
(𝑛, 𝑖𝑛𝑙.) 3.28×10−3 2.06×10−3 4.82×10−3
(𝑛, 𝛾) −6.37 × 10−6 −7.37 × 10−6 −1.54 × 10−4
207Pb (𝑛, 𝑒𝑙.) 1.79×10−2 1.68×10−2 5.46×10−2
(𝑛, 𝑖𝑛𝑙.) 4.91×10−3 3.44×10−3 9.75×10−3
(𝑛, 𝛾) −8.42 × 10−6 −1.05 × 10−5 −2.56 × 10−4
206Pb (𝑛, 𝑒𝑙) 1.79×10−2 1.68×10−2 4.97×10−2
(𝑛, 𝑖𝑛𝑙.) 5.21×10−3 3.63×10−3 1.07×10−3
(𝑛, 𝛾) −1.42 × 10−5 −1.79 × 10−5 −4.45 × 10−4

Fig. 2. Sensitivities of several fast benchmarks to the 208Pb total cross section.

For the analysis here, the sensitivities of k𝑒𝑓𝑓 with respect to the angle-
integrated cross sections and 𝑃1 moment of elastic scattering were
alculated using MCNP. As expected from the differential data, elastic
cattering is the dominant reaction for all isotopes with the relative
ontributions being correlated with their natural abundance as shown
n Table 1. Since all the fast systems are lead-reflected systems, the
ensitivity to the integrated elastic scattering cross section is smaller
han the 𝑃1 moment sensitivity. In other words, lead’s contribution to
𝑒𝑓𝑓 for these systems depends solely on its ability to scatter neutrons
ack into the fissile material. After the elastic scattering reactions,
he 206Pb and 207Pb inelastic scattering are the 4th and 5th largest
ontributors. No sensitivity above 0.001 to any 204Pb cross section is

observed and therefore omitted in Table 1.
Besides looking at the sensitivity integrated over all energies, one

can plot the sensitivities to a system as a function of energy, Fig. 2.
In this way, one can see that for lead-reflected fast critical assemblies,
essentially analogs to LFRs, neutrons above 100 keV and below 5 MeV
have the most impact. The upper energy limits of the resolved reso-
nance regions for lead in the ENDF/B-VIII.0 are 75 keV for 204Pb, 900
keV for 206Pb, 475 keV for 207Pb, and 1.0 MeV for 208Pb. This results
in the RRR of all lead isotopes (except for 204Pb) affecting fast critical
systems.

Since the integrated elastic cross sections of 208Pb evaluations are
the same for the investigated ENDF (i.e. JEFF-3.3, JENDL-5.0, ENDF/B-
VIII.0), one would expect the difference in k𝑒𝑓𝑓 from 208Pb to be
coming entirely from elastic scattering angular distributions. For this
reason, a second batch of simulations were run that swapped the 208Pb
rom ENDF/B-VIII.0 with that of JENDL-5.0, Fig. 3. The impact of
witching the 208Pb isotope is dramatic, as the under-prediction of
NDF/B-VIII.0 is completely eliminated and now the critical experi-
3

ents appear high. Since the main difference between JENDL-5.0 and
Fig. 3. Calculation of fast benchmarks with ENDF/B-VIII.0 and ENDF/B-VIII.0 with the
208Pb ENDF replaced for JENDL-5.0’s version.

ENDF/B-VIII.0’s 208Pb is the ESAD, the quasi-differential scattering data
was leveraged to see if any additional insights could be gained.

Quasi-differential scattering with the High Energy Scattering System
(HESS) at RPI (Saglime et al., 2010) are used to measure the neutron
scattering rates from 3 cm and 5 cm long, 3 cm diameter cylinders of
natural lead. Eight detectors were spread between 30◦ and 150◦ relative
to the incident neutron beam record the scattering in 5 ns time-of-
flight bins. Using a 30.1 m flight path and relativistic equations for
time-of-flight, the experiment can yield counts from 0.5 to 20 MeV.
To normalize the simulation to the data, a carbon sample is used
which since the scattering of carbon is well-known. On average the
carbon normalization is a 6% uncertainty that is applied on top of the
systematic and statistical uncertainties (Saglime et al., 2010).

It was seen in both the evaluated nuclear data files of 208Pb and
uasi-differential simulations, that the ENDF/B-VIII.0 208Pb evaluation
avors forward scattering. This much forward scattering is not evident
n any experimental data, results in too much leakage in fast systems,
nd is a major contributor to the under-prediction of k𝑒𝑓𝑓 . With the

ESAD of 208Pb determined to be a key issue, the Blatt–Biedenharn
(BB) formalism was used to replace the MF-4, MT-2 (scattering angular
distributions) in all ENDF/B-VIII.0 lead evaluations (including 204Pb
elastic scattering). The Blatt–Biedenharn formalism defines the double
differential scattering cross section as a summation of Legendre polyno-
mials dependent on scattering angle, 𝜇, and channel coefficients 𝐵𝐿𝑐𝑐′

based on resonance parameters. Full derivation of Eq. (2), can be found
in Blatt and Biedenharn original paper (Blatt and Biedenharn, 1952).

𝛿𝜎𝑠
𝛿𝛺

=
∑

𝐵𝐿𝑐𝑐′ (𝐸)𝑃𝐿(cos(𝛽)) (2)

In essence, the Blatt–Biedenharn (BB) formalism replaces scattering
distributions generated from fast region reaction models (Moldauer,
1963) with those derived from resonance parameters. Changing any
one of the resonance parameters (energy, neutron width, orbital an-
gular momentum, total angular momentum) will impact the calculated
scattering distribution. Furthermore, the scattering distributions from
BB will fluctuate much more rapidly over a given energy range than the
fast region reaction models. Calculating the BB version of the ESAD was
done by using a modified version of NJOY (Kahler et al., 2019). It is
important to note that enabling this function with the RECONR module
will break NJOY’s ability to properly create ACE files so two versions
of NJOY, one with and without BB, is recommended. Formation of the
ENDF was done by running the resonance parameters through the BB
version of NJOY and then copying and pasting the MF-4, MT-2 from the
PENDF into a new ENDF. This ENDF, with new scattering distributions,
is processed through a regular version of NJOY to produce an ACE file
used in the MCNP simulations.

The effect of the BB treatment on scattering simulations is shown
in Fig. 4. First, updating all the elastic scattering distributions within

the resolved resonance region allows for better reconstruction of the
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Fig. 4. Experimental neutron scattering counts at the 150◦ detector from the 3 cm long natural lead sample obtained during week two of measurements. Simulations show the
elative contribution and improvement from Blatt–Biedenharn.
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cattering counts observed from the experiment below 1 MeV. This was
ot previously done with the ENDF/B-VIII.0 or any other current library
s the ESAD does not fluctuate with energy at small enough intervals
o represent the scattering of 208Pb resonances. Secondly, most of the
nisotropy observed below 2 MeV is attributable to 208Pb. As noted
arlier, the Blatt–Biedenharn formalism relies on knowing the spin and
agnitude of resonance widths. Thus, for the resolved resonance region

valuations, updating both the radiation (capture) and neutron (elastic)
idths is essential for not only a well defined integrated cross sections
ut also accurate elastic scattering angular distributions.

. Evaluations

For the evaluations performed here, the Reich–Moore formalism of
he R-matrix was used (LRF=3 in ENDF-6 format Herman and Trkov
2010)). This format enables parameterization of observed resonances
ith energies, neutron widths, and radiation widths (𝐸𝑟𝑒𝑠, 𝛤𝑛, 𝛤𝛾 ). Ad-
itionally, an external part of the R-matrix is included and accounts for
cattering radii (potential scattering), bound, and distant levels. Fitting
f transmission and capture yield data was performed in the Bayesian
-matrix code SAMMY (Larson, 2008). As the R-matrix requires consis-

ency between the scattering radius, bound levels, distant levels, and
bservable resonances, it was necessary to update all portions of the
RR. Specifically, the 206,207,208Pb isotopes were examined as they make
p the majority of natural lead and possess resolved resonances which
irectly affect fast systems. The resolution broadening parameters for
RELA transmission data sets were obtained from previous literature
y D. Larson (Larson et al., 1984). The capture yield broadening
arameters were provided with their corresponding data sets (Borella
t al., 2007; Domingo-Pardo et al., 2007, 2006).

.1. Pb-208

As mentioned earlier, the total cross section of 208Pb is well con-
trained by the high resolution transmission data from Carlton (Carlton
t al., 1991). Likewise, the capture cross section of this nucleus is
xtremely small, on the level of micro barns. Furthermore, there are
nly 70 resonances in the RRR of 208Pb from thermal to 1.0 MeV.
ost are well isolated so the interference with the potential scattering

eveals information about the resonances’ spins. All of this is to say
hat the neutron widths and spins of resonances are available in current
valuations and directly adopted from ENDF/B-VIII.0 in the present
ork.
4

Radiation widths have more ambiguity in their magnitudes since
o continuous energy differential capture yield measurements exist.
nstead, average radiation widths, 𝛤𝛾 , are used to represent the cap-

ture cross section. One way to constrain the radiation widths is with
Maxwellian-Averaged Cross Sections (MACS). MACS are the integral
averaged capture cross section produced by weighting the capture cross
section with a Maxwellian spectrum at a given temperature: (shown
in Eq. (3)), 𝑘 is the Boltzmann constant (8.61 ×10−5 eV/K), 𝑇 is the
temperature in Kelvin, 𝑚1 and 𝑚2 are atomic masses in amu of the
eutron and target nucleus.

𝑚𝑥𝑤(𝑘𝑇 ) =
2

√

𝜋

( 𝑚2
𝑚1+𝑚2

)2

(𝑘𝑇 )2 ∫

∞

0
𝜎𝛾 (𝐸)𝐸 exp

(

−𝐸𝑚2
𝑘𝑇 (𝑚1 + 𝑚2)

)

𝑑𝐸 (3)

he Karlsruhe Astrophysical Database of Nucleosynthesis in Stars
KADoNIS), estimated the MACS of all isotopes for a variety of stel-
ar temperatures which is applied to studying isotope production in
tars. For the MACS(30 keV), KADoNIS reports an average quantity
f 0.35 mb for 208Pb. This is close to the values of the JEFF-3.3 and
ENDL-5.0 evaluations, but half that of the ENDF/B-VIII.0 evaluation.
fter consulting several activation measurements from EXFOR by Beer
t al. (2003), Ratzel et al. (2004), Weissman et al. (2017), and Macklin
nd Gibbons (1969) it was concluded that the average radiation width
hould be halved relative to ENDF/B-VIII.0. Additionally, a direct
apture (DC) component was included to increase the capture cross
ection in between resonances. The representation presented by Beer,
hown in Eq. (4), is used as a background cross section in MF-3, MT-
02. The direct capture cross section, 𝜎𝐷𝐶 , is given in barn and the
nergy, 𝐸, is given in keV as shown in Eq. (4).

𝐷𝐶 = 1.798 × 10−5
√

𝐸 (4)

The combined affects of halving the radiation width and adding the DC
contribution increases the capture cross section outside of resonances
by an order of magnitude between 1 eV - 120 keV but overall reduces
the capture worth of 208Pb by a factor of two relative to ENDF/B-
VIII.0. A comparison of the MACS from ENDF/B-VIII.0 and new 208Pb
evaluation is shown with experimental points from the literature shown
in Fig. 5.

Apart from the data set from Macklin, the new evaluation aligns
with all Maxwellian points. The reason for all the experimental data sets
decreasing at energies above 60 keV is a result of the incident energy
reaching the Maxwellian energy multiplied by the reduced mass of the
system (𝐸 ≥ 𝑘𝑇 (𝑚1+𝑚2) ). This makes the contribution to the MACS drop
𝑚2



Annals of Nuclear Energy 202 (2024) 110452P. Brain et al.

c

o
t

i
b
t
t
p

d
o
u
n
r
u
a
f
2
s
d
a
d
p
d
w
a
r
c
T
t
1
i
u
c
R
N

3

Fig. 5. Maxwellian Averaged Cross Sections (MACS) for the new 208Pb evaluation
ompared to ENDF/B-VIII.0 and literature values.

ff exponentially. The reason the evaluated MACS does not drop off in
he plots is because the resonances of lead extend to hundreds of keV.

With the adjustments to the radiation width from MACS and adopt-
ng the neutron widths of the ENDF/B-VIII.0, the resonance parameters
elow 1 MeV are finalized. At this point, the goal of the 208Pb evalua-
ion was to extend the resolved resonance region past 1.0 MeV in order
o determine new resonances and the ESAD with which to address the
oor scattering simulations between 1.0 and 2.0 MeV.

Extension of the 208Pb RRR was performed with the same Carlton
ata (Carlton et al., 1991) below 1.0 MeV. Due to the limited resolution
f the data, parameterization of resonances could only be accomplished
p to 1.5 MeV. Above this energy, resonances start to overlap and could
o longer be resolved. Even between 1.0 and 1.5 MeV, there are several
esonance spins that could not immediately be determined because the
nderlying transmission data was insensitive to spin. To overcome this,
n automation procedure was developed using SAMMY transmission
itting, MCNP simulations of quasi-differential data, and NJOY (Brain,
023). Essentially the procedure is to sample all available resonance
pins and fit them sequentially through the transmission and scattering
ata. Combining the quasi-differential data with transmission provides
dditional spin sensitivity to the fitting procedure that transmission
oes not possess on its own. This ESAD Automation, enabled resonance
arameters to be fit that replicate both the transmission and scattering
ata well. After all spins were finalized, a final SAMMY solve run
as performed to minimize the resonance interference effects. Figs. 6
nd 7 show the finalized transmission fit and Appendix lists the new
esonance parameters. Constraining the capture cross section remains a
hallenge for these resonances as there are no capture yields available.
he only fix available was to use an average radiation width tuned to
he integrated capture cross section equal to the integrated MF-3 MT-
02 that existed prior to the RRR extension. Because this normalization
s rather arbitrary and there is no differential data to back it up, a 30%
ncertainty was applied for the capture covariance. Again the capture
ross section is so small that it is not appreciable in systems. After the
RR extension, all resonances were fed in through the BB treatment in
JOY to gain new ESAD, the impact of which will be discussed later.

.2. Pb-206

The major change required for 206Pb is the incorporation of high
fidelity capture data made available after the release of ENDF/B-VIII.0.
There are two such measurements: CERN-nTOF by Domingo-Pardo
et al. (2007) and JRC Geel by A. Borella (2007) (Borella et al., 2007).
In addition to these capture measurements, ORELA transmission by D.
J. Horen (1979) (Horen et al., 1979) is used to constrain the total cross
section and resonance spin assignments. Of the three measurements,
5

Fig. 6. Transmission fitting for RRR extension of 208Pb: 1.0–1.2 MeV.

Fig. 7. Transmission fitting for RRR extension of 208Pb: 1.2–1.4 MeV.

Fig. 8. Capture Yield fitting for 206Pb to Borella data, missing resonance in
ENDF/B-VIII.0 library at 59 keV and too large 𝛤𝛾 at 64 keV.

the capture cross sections can be determined reliably below 600 keV
and total cross section out to 900 keV.

Fitting capture yield data using SAMMY follows the same process as
transmission data. Providing the proper resolution function as well as
sample size and thickness are all important since gamma attenuation
from the lead sample is an issue. The EXFOR entry for Domingo-
Pardo provides the resolution function for the nTOF spectrometer while
Borella’s thesis (Borella et al., 2005) held values for the Geel setup.
Using a resolution function representative of the spectrometer at Geel,
SAMMY performs multiple scattering corrections using a finite slab
approximation. Base resonance parameters for the Bayesian updating
were taken from ENDFB-VIII.0 which has resonances up to 900 keV.
The capture yield from different evaluations are shown in Fig. 8.

The resonance at 64 keV is over predicted and the one at 59 keV
is entirely missing in the ENDF/B-VIII.0 evaluation. Similar missing
or over predicted resonances in the ENDF/B are noticeable in both
Borella and Domingo-Pardo sets. In all, around 50 p- and d- wave
resonances were identified in the experimental data that were missing
from the evaluation. As these resonances are quite small and cannot
be observed in transmission experiments, the effects on fast systems
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Table 2
SAMMY reduced chi-square of evaluations relative to each differential experiment for Pb-206. Alongside each reduced
chi-square is a summed chi-square across all experiments.
Evaluations Experiments

Domingo capture
[400 eV–975 keV]

Borella capture
[3–621 keV]

Horen trans.
[70–960 keV]

Horen trans.
[3–70 keV]

Sum

ENDF/B-VIII.0 3.94 12.4 82.1 4.32 102.8
JEFF-3.3 3.87 1.93 124.67 1.77 132.2
JENDL-5.0 3.87 1.93 124.67 1.77 132.2
RPI 3.85 1.61 32.6 2.76 40.9
Fig. 9. Horen transmission measurement (Horen et al., 1979) fitting in SAMMY for
206Pb: 100 to 400 keV.

Fig. 10. Horen transmission measurement (Horen et al., 1979) fitting in SAMMY for
06Pb: 400 to 900 keV.

re minor, if not negligible. Still, these resonances will be included in
he Blatt–Biedenharn calculations for ESAD at the end so having the
ost accurate list of parameters will in theory yield the most accurate

cattering distributions. Updates to the neutron widths and scattering
adius were achieved after incorporating transmission data from Horen
t al. (1979). Figs. 9 and 10 show the transmission reconstruction
etween the newest and contemporary evaluations.

The effective scattering radius is increased from 9.5 fm to 9.7 fm.
his causes the lower transmission visible in the earlier energies of
ig. 9.

Due to the high level density of the 206Pb nucleus relative to 208Pb,
visually inspecting resonances fits is not practical. Instead, Table 2
summarizes the evaluations reduced 𝜒2 to all the included differential
ata calculated from Eq. (5).

2 = 1
𝑁 − 1

𝑁
∑

𝑖=0

(𝜎𝑒𝑥𝑝,𝑖 − 𝜎𝑡ℎ𝑒𝑜𝑟𝑦)2

𝛿2𝜎𝑒𝑥𝑝 ,𝑖
(5)

ere, 𝑁 is the number of data points for cross section data, 𝜎𝑒𝑥𝑝 and
𝑡ℎ𝑒𝑜𝑟𝑦 are the experimental and theoretical quantities respectively, and
𝜎𝑒𝑥𝑝 is the experimental uncertainty. The poor fits to the transmission
ata from both JEFF-3.3 and JENDL-5.0 arises from a 1–2 keV energy
hift that is apparent in both evaluations. In a practical sense, the
eutron and radiation widths, and by extension the cross section, are
6

omparable to the RPI evaluation.
Fig. 11. Horen transmission measurement (Horen et al., 1979) fitting in SAMMY for
207Pb: 640 to 670 keV.

3.3. Pb-207

Evaluating 207Pb required performing Bayesian updating of reso-
nance parameters in the same manner previously shown with 206Pb. For
differential data, there is a capture yield measurement by Domingo-
Pardo et al. (2006) and ORELA transmission measurement by Horen
et al. (1978). Comparing the available parameter files from current
evaluations, both JEFF-3.3 and JENDL-5.0 have resonance parameters
up to 675 keV. The ENDF/B-VIII.0 evlauation chooses to stop at 475
keV, roughly where the inelastic threshold begins. Looking at the
transmission of the JENDL-5.0 library reconstructed from SAMMY, it
appeared that the parameters themselves perform well below 650 keV.
However, at higher energies the inelastic portion of the cross section
does need to be accounted for. The approach here was to use LRF=3
format in the evaluation file and include the inelastic cross section as
a background in MF-3. To go about this, a CoH-3 calculation (Kawano,
2016) was used to model the inelastic cross sections. Validation of
the fast energy reaction model was performed with differential inelas-
tic gamma production, transmission, and double-differential scattering
data and deemed acceptable (Brain, 2023). The inelastic cross section
from this calculation was then subtracted off the total cross section
reported by Horen and this quantity was inverted to transmission from
which SAMMY can fit. For the purposes of nuclear data covariance, the
inelastic channel is handled in the ENDF MF-33 whereas the elastic and
capture for the RRR are held in ENDF MF-32. Fig. 11 shows the effect
of the inelastic cross section in the fitting of the higher end of the RRR.
Typically, only the peaks of the resonance (corresponding to the bottom
of transmission) are affected since these are the largest cross sections.
Again, in Fig. 11, one can see the energy shift relative to the Horen
data that is present in the JENDL-5.0/JEFF-3.3 evaluations.

The transmission fits are depicted in Figs. 12 and 13. The RPI
evaluation decreased the scattering radius from 9.75 fm in JEFF-3.3
to the 9.70 fm used in ENDF/B-VIII.0.

At 475 keV in Fig. 13, the ENDF/B-VIII.0 RRR evaluation ends and
is replaced in the evaluation as a point-wise cross section. Resonance
interference effects between 550 and 600 keV seem to be an issue
with all evaluations as the transmission between resonances is not

reproduced.
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Fig. 12. Horen transmission measurement (Horen et al., 1979) fitting in SAMMY for
07Pb: 100 to 400 keV.

Fig. 13. Horen transmission measurement (Horen et al., 1979) fitting in SAMMY for
07Pb: 100 to 400 keV.

Fig. 14. Domingo-Pardo capture yield (Domingo-Pardo et al., 2006) fitting in SAMMY:
29 to 31 keV.

Looking at the capture yield from Domingo-Pardo, the reported
data is not as complete as the 206Pb. This is a feature of an energy
ependent background that could not be removed during the reduction
f the data. SAMMY was used to fit a constant background to each of
he fifteen regions presented in EXFOR. Resonances are reported in 15
nergy windows spread from 3 keV to 335 keV. Of the largest capture
esonances observed, there is good agreement in the radiation width
etween all evaluations. Fig. 14 shows an example of the capture yield
rom Domingo-Pardo data. For some of the smaller resonances observed
n the measurement, ENDF/B-VIII.0 does not have a record of them.
here is good agreement between the RPI, JEFF-3.3, and JENDL-5.0
valuations at both the 29.4 keV and 30.5 keV resonances. ENDF/B-
III.0 matches the 29.4 keV but does not have the 30.5 keV reso-
ance.

Overall, very little adjustment is done to the capture cross sections
fter adopting the JEFF-3.3 resonance parameters. It was necessary
o perform an energy shift of all the resonances from those used in
EFF-3.3 back to the Horen values reported believed to be correct.
7

he energy shift of resonances distorts the SAMMY reduced chi-square
Table 3
SAMMY reduced chi-square of evaluations relative to each differential experiment
for Pb-207. Alongside each reduced chi-square is a summed chi-square across all
experiments.

Evaluation Experiments

Domingo capture
[3–300 keV]

Horen trans.
[15–475 keV]

Sum

ENDF/B-VIII.0 57.77 19.82 77.59
JEFF-3.3 43.53 62.34 111.9
JENDL-5.0 43.15 62.34 105.5
RPI 41.50 17.32 58.82

in Table 3 for JEFF-3.3/JENDL-5.0 relative to the Horen data. The
actual neutron and radiation widths for these evaluations are capable
of reproducing the differential measurements well, on par with the RPI
evaluation. Furthermore, the RPI, JEFF-3.3, and JENDL-5.0 libraries
have resonances past the 475 keV upper limit of ENDF/B-VIII.0, so if
anything, the ENDF/B-VIII.0 evaluation offers the greatest opportunity
for improvement.

With all differential data fit using SAMMY, the new resonance
parameters were used to calculate the elastic scattering distributions
via the Blatt–Biedenharn version of NJOY for all isotopes. Besides up-
dating both resonance parameters (MF-2) and elastic scattering angular
distribution (MF-4 MT-2), the resolved resonance region evaluation
performed through the Bayesian framework of SAMMY provided new
nuclear data covariance.

4. Covariance

Nuclear data covariance were calculated for the major reaction
channels present in the respective RRRs. With the Bayesian process
formulated in SAMMY, direct uncertainties for all resonance parameters
are calculated simultaneously from the fitting procedure. Thus, reso-
nance parameter uncertainties (MF-32) can be directly calculated and
put into the evaluation files. However, before the MF-32 can be inserted
into the files, some work regarding the magnitude of the uncertainties
needs to be done. The reason for this is because the SAMMY pro-
duced MF-32 are generally too small by community guidelines outlined
by Smith (2011). Multiple reasons exist for why the covariance are too
small, primarily incomplete knowledge of the experimental uncertain-
ties and model deficiencies. For example, the R-matrix does not include
direct capture processes but this was included in the 208Pb evaluation.
Additionally, the Carlton transmission data (Carlton et al., 1991) does
not provide information regarding systematic uncertainties. Both of
these will mean the uncertainties in MF-32 are too small. In either
case, multiplying the covariance by the SAMMY variance from the
reduced 𝜒2 calculation brings the uncertainties to ‘‘acceptable’’ values.
These acceptable values are laid out in ENDF-377 which state that
uncertainties cannot be below the neutron standards for that reaction
type (Smith, 2011). For scattering reactions hydrogen is the standard
and generally shows uncertainties of 1%. Therefore the 𝜒2 multiplier
fixes the resonance portion of the RRR by bringing it above that value,
but below the first resonance, there is still a lower uncertainty than
expected. To address this, a scattering radius uncertainty of 2%–3%
was introduced into the MF-32 for specific 𝓁 states of the different
lead nuclei. This is inline with reported uncertainties from Sears (Sears,
1962) shown in Table 4 and typically only the 𝓁 = 0 is provided
uncertainties. The outcome of scattering radius uncertainty is to act as a
correlated uncertainty that brings the relative uncertainty of the cross
section below the first resonance from ≤ 1% to the 2%–3% range as
shown in Fig. 15.

With the resonance parameter uncertainties now calculated and the
resonances used to calculate the elastic scattering angular distributions,
the focus shifted to determining the uncertainty on ESAD from reso-

nance parameters. Unfortunately, while SAMMY can calculate ESAD
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Table 4
Scattering radii values and uncertainties for different evaluations.
Accepted values are taken from Sears (Sears, 1962).
Isotope Evaluation R’ [fm]

Pb-206 Accepted 9.54(20)

ENDF-8 9.50
JEFF-3.3 9.70
JENDL-5.0 9.70
RPI 9.70 (0.03)

Pb-207 Accepted 9.57(20)

ENDF-8 9.50
JEFF-3.3 9.55
JENDL-5.0 9.55
RPI 9.55 (0.03)

Pb-208 Accepted 9.46(12)

ENDF-8 9.69
JEFF-3.3 9.75
JENDL-5.0 9.75
RPI 9.70 (0.03)

Fig. 15. Relative uncertainty on the total cross section of 207Pb with and without the
scattering radius uncertainties. Without scattering radii uncertainties, the total cross
section below 𝐸𝑛 ≤ 3 keV has too little uncertainty.

through BB, it cannot produce the uncertainties on these parameters.
Instead, a Monte-Carlo approach was developed to propagate the uncer-
tainties of resonance parameters to the 𝑎1 coefficient through SAMMY.
While higher coefficients are supported in the ENDF, only 𝑎1 coeffi-
cients uncertainties are supported by NJOY so no other information
can be included in the evaluation (Chiba, 2007). Using the resonance
parameters (MF-2) and their uncertainties (MF-32), correlated sampling
of resonances is performed for the entire RRR. This sampling is used to
create hundreds of synthetic instances of the resolved resonance region
for the nucleus in question and each one is ran through the Blatt–
Biedenharn module in SAMMY. Binning and averaging the scattering
distributions of these hundreds of ESADs into 100 keV bins then yield
covariance for 𝑎1 coefficients. Studies into the sampling convergence
with the number of histories were performed. From these studies
it was deemed that roughly 500 instances would provide sufficient
convergence with smaller bins requiring more samples. Convergence
was defined as a relative difference in bin ≤ 1%. Fig. 16 shows the
convergence of a representative bin corresponding to 200–300 keV. The
calculations performed here were using 1000 sample histories.

The uncertainties calculated with this method also produce un-
certainties that are nominally too small because they are below 1%.
This is lower than the scattering uncertainty on hydrogen which is a
neutron standard you cannot be better than (Smith, 2011). The quasi-
differential data was leveraged to find the magnitude of uncertainties
on the 𝑃1 moment which recreated uncertainties comparable to the
experimental data. This analysis comes with a few caveats, the first
that only 208Pb ESAD was perturbed in this study. This is an issue
as the experimental data is natural lead, so only 208Pb resonances
observed in the natural data can be used. Thus, the contributions from
206 207
8

Pb and Pb are not included and the uncertainties presented here
Fig. 16. Relative difference in the uncertainty on the 𝑃1 moment for 200–300 keV as
function of sample history.

Fig. 17. 𝑃1 moment scattering uncertainties for 208Pb.

Fig. 18. Scattering distribution of 208Pb to 90◦. ENDF/B-VIII.0 uses a smooth angular
distribution from the optical model and the RPI evaluation uses BB below 1.5 MeV.

are the upper limit on the 𝑃1 moment. In the end it was determined
that 20%–30% uncertainties on the 208Pb ESAD recreated the 6% total
uncertainty on the quasi-differential scattering data. The final energy
dependent scattering uncertainty (MF-34) for 208Pb is presented in
Fig. 17.

Unfortunately, the impact of minor isotopes is less apparent in the
natural scattering sample so the same approach was not attempted
and no uncertainties on the scattering distributions are given. With the
formatting of the covariance into the evaluated nuclear data files, the
RRR was concluded.

5. Outcomes

Validation via lead-sensitive systems was performed again on crit-
ical experiments and quasi-differential scattering to see the impact of
the RRR evaluation. Of the changes brought about with the RRR evalua-
tion, the extension of the resolved resonance region for 208Pb is perhaps
the most dramatic. While the total and elastic cross section remains
roughly the same as other evaluations, the ability to derive new elastic
scattering distributions from Blatt–Biedenharn cannot be understated.
Scattering over the large isolated resonances is now taken into account

directly instead of the average scattering bins that are computed from
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Fig. 19. Simulations of the RPI scattering experiment compared to experimental data for 5 cm thick sample at 30◦ relative to incident beam.
Fig. 20. Simulations of the RPI scattering experiment compared to experimental data for 5 cm thick sample at 150◦ relative to incident beam.
the fast energy reaction model calculations. Fig. 18 shows the scattering
distribution to 90◦ from the new evaluation compared to ENDF/B-
VIII.0. Below 1.5 MeV, the scattering distributions fluctuate more than
ENDF/B-VIII.0 to accommodate scattering physics over the resonances.

The impact of the alternative scattering physics is best seen in
quasi-differential scattering data. At both the forward and backward
scattering angles, the RPI evaluation outperforms all others in pre-
dicting the experimental data. Figs. 19 and 20 depict simulations of
the scattering experiments with the experimental data below 2 MeV.
Up to 1.5 MeV, the RPI evaluation predicts all resonance peaks and
scattering fluctuations in natural lead better than the other libraries.
After 1.5 MeV, the evaluation matches that of JEFF-3.3/JENDL-5.0
as the cross section and angular distributions are roughly the same.
The relative poorer prediction after 1.5 MeV arises from the fact the
9

scattering distributions are now calculated with an optical producing
energy averaged scattering distributions. At energies below 700 keV all
evaluations tend to under-predict the back scattering rate. A potential
reason could come from incorrect scattering in 207Pb, which has an
inelastic component that is handled again with an optical model.

With the improved scattering kernel, there is the assumption that
the fast critical benchmarks will also experience better prediction over
other libraries. As the new lead evaluations are to be included in the
next version of the ENDF/B library, ENDF/B-VIII.1𝛽2, the performance
of the entire library was tested. The ENDF/B-VIII.1𝛽2 therefore contains
the beta version of updated fissile isotopes, structural isotopes (such
as Fe) and lead (with cross sections reworked up to 20 MeV). Fig. 21
shows the final performance of the evaluations against fast critical
benchmarks.

For clarification, the lead isotopes also received a new fast region
evaluation which will have an effect on the k𝑒𝑓𝑓 (Brain, 2023). How-
ever, most of the improvement for fast systems resulted from MF-4,
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Fig. 21. C/E values for fast integral experiments of ENDF/B-VIII.0, JEFF-3.3, JENDL-
.0, and ENDF/B-VIII.1𝛽2. The latter (ENDF/B-VIII.1𝛽2) contains the new lead
valuations.

Fig. 22. C/E values for fast integral experiments of ENDF/B-VIII.0, JEFF-3.3, JENDL-
.0, and ENDF/B-VIII.1𝛽2. The latter (ENDF/B-VIII.1𝛽2) contains the new lead
valuations.

T-2 modifications coming from the RRR evaluations. This is shown
n Fig. 22 where three simulations are included: all ENDF/B-VIII.0,
NDF/B-VIII.0 with ESAD from new evaluations, and all ENDF/B-
III.1𝛽2. For most of the fast benchmarks, just changing the ESAD ac-
ounts for 80% of the difference between ENDF/B-VIII.0 and ENDF/B-
III.1𝛽2 libraries.

Even after all the changes to incorporate better physics some of
he benchmarks appear to calculate outside of the experimental uncer-
ainties, specifically HMF-57 cases 3 and 5. Careful analysis of these
ntegral benchmarks was performed and in the end it was determined
hat the HMF-57 experiment suite should not be considered in fast re-
ion evaluations as the multiplication achieved during the experiment
as too low for the extrapolation to critical (Brain, 2023). While the
ther experiment campaigns did reach high enough multiplication for
xtrapolation to critical, none of the geometries in the ICSBEP ever
chieved delayed critical in reality. This is not ideal for nuclear data
alidation as then some reliance must be made on the extrapolated
eometry which may or may not be correct. For this reason, the authors
re suggesting to look into revising the benchmark entries in the ICSBEP
r performing new lead-reflected fast critical experiments on which to
alidate the libraries.

. Conclusion

The resolved resonance region of the three major isotopes of natural
ead were re-evaluated under a DOE-NEUP funded project for the
urpose of improving the cross sections for lead-cooled fast systems.
o this end, the RRRs of 206,207,208Pb were all re-evaluated, which

ncluded an extension of the RRR for 208Pb. The end goal of these
valuations were to obtain well characterized resonance parameters to
efine both integrated cross sections and calculate elastic scattering
10

ngular distributions from. This is because elastic scattering appears
to be the dominant reaction for all lead isotopes in the application to
fast reactors as observed from sensitivity studies of analogous critical
systems. The evaluation process utilized Bayesian fitting in the R-matrix
code SAMMY which allowed for not only fitting of experimental data
but developing covariance as well. For the first time in an evaluation,
the quasi-differential scattering data was leveraged for spin assignments
of resonances as well as constraining the 𝑃1 moment uncertainties.

The outcome of the RRR evaluation is an improved natural scat-
tering kernel shown in the simulations of the quasi-differential data.
Furthermore with the new ESAD, fast critical systems do see an im-
provement in C/E over all current libraries. After considerable review
of the benchmark geometries it was determined that the 2000+ pcm
bias in the HMF-57 cases 3 and 5 is not due to lead but rather the
geometry itself. Too low multiplication was obtained for a reliable ex-
trapolation to be performed and in this case it effects all configurations
in HMF-57. It is suggested to not use these systems for nuclear data
validation and that new experiments be undertaken to replace them in
the ICSBEP.
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Appendix. New Pb-208 resonance parameters

Table A.5



Annals of Nuclear Energy 202 (2024) 110452P. Brain et al.
Table A.5
Newly fit resonance parameters of 208Pb above 1.0 MeV and their associated uncertainties.
𝐽𝜋 L Energy [eV] 𝛿𝐸 [eV] 𝛤𝛾 [meV] 𝛿𝛤𝛾 [meV] 𝛤𝑛 [meV] 𝛿𝛤𝑛 [meV]

1.50 2 1.0079e+06 2.1718e+01 1.6600e+02 1.6600e+01 2.4078e+05 1.0397e+04
0.50 0 1.0724e+06 4.3315e+01 1.6598e+02 1.6599e+01 4.6242e+06 9.5090e+04
0.50 0 1.1102e+06 4.3675e+01 1.6600e+02 1.6600e+01 3.1074e+06 1.4765e+05
2.50 2 1.0283e+06 1.3466e+01 1.8601e+02 1.8600e+01 1.5363e+06 2.0810e+04
−3.50 3 1.0335e+06 1.9971e+01 1.8599e+02 1.8599e+01 1.8454e+05 7.6187e+03
2.50 2 1.0365e+06 1.4106e+01 1.8599e+02 1.8599e+01 4.6718e+05 1.2441e+04
−3.50 3 1.0175e+06 2.9693e+01 1.8599e+02 1.8599e+01 4.4761e+04 3.5258e+03
2.50 2 1.0187e+06 3.0188e+01 1.8600e+02 1.8600e+01 9.2208e+04 5.8893e+03
−3.50 3 1.0242e+06 2.9978e+01 1.8597e+02 1.8599e+01 6.3743e+04 4.2867e+03
−2.50 3 1.0479e+06 2.1649e+01 1.8600e+02 1.8600e+01 2.2919e+05 9.1879e+03
1.50 2 1.0560e+06 3.0559e+01 1.8599e+02 1.8600e+01 1.9277e+05 1.1109e+04
−3.50 3 1.0581e+06 3.3913e+01 1.8597e+02 1.8599e+01 7.3767e+04 5.3764e+03
2.50 2 1.0599e+06 1.7626e+01 1.8600e+02 1.8600e+01 3.2938e+05 1.1007e+04
−3.50 3 1.0781e+06 2.8433e+01 1.8600e+00 1.8600e−01 4.5183e+04 3.4411e+03
2.50 2 1.0825e+06 1.6504e+01 1.8600e+00 1.8600e−01 2.5236e+05 8.2296e+03
−3.50 3 1.0877e+06 1.5794e+01 1.8600e+00 1.8600e−01 2.5975e+05 7.4228e+03
2.50 2 1.0890e+06 1.4780e+01 1.8600e+00 1.8600e−01 4.7282e+05 1.2649e+04
−3.50 3 1.0914e+06 1.7696e+01 1.8600e+00 1.8600e−01 2.6902e+05 9.0524e+03
−1.50 1 1.1032e+06 3.1934e+01 1.8600e+00 1.8600e−01 4.0149e+06 9.3853e+04
1.50 2 1.1140e+06 2.6853e+01 1.8600e+00 1.8600e−01 2.6431e+06 6.9236e+04
2.50 2 1.1177e+06 1.7079e+01 1.8600e+00 1.8600e−01 6.3083e+05 1.9007e+04
−3.50 3 1.1229e+06 1.4252e+01 1.8600e+00 1.8600e−01 5.2496e+05 1.1715e+04
2.50 2 1.1272e+06 2.0359e+01 1.8600e+00 1.8600e−01 1.6540e+06 3.4570e+04
−1.50 1 1.1297e+06 3.5246e+01 1.8600e+00 1.8600e−01 7.8497e+05 4.6691e+04
−1.50 1 1.1365e+06 3.3311e+01 1.8600e+00 1.8600e−01 3.3694e+06 8.5824e+04
−3.50 3 1.1492e+06 2.0988e+01 1.8600e+00 1.8600e−01 1.1288e+06 2.3328e+04
−1.50 1 1.1501e+06 5.9215e+01 1.8600e+00 1.8600e−01 3.1865e+06 8.9072e+04
−3.50 3 1.1639e+06 3.1045e+01 1.8600e+00 1.8600e−01 1.4830e+05 7.8020e+03
1.50 2 1.1728e+06 3.4634e+01 1.8600e+00 1.8600e−01 5.1823e+05 3.3963e+04
2.50 2 1.1739e+06 3.2442e+01 1.8600e+00 1.8600e−01 3.9170e+05 2.2799e+04
−3.50 3 1.1785e+06 3.8604e+01 1.8600e+00 1.8600e−01 8.5454e+04 6.0241e+03
−2.50 3 1.1866e+06 1.8296e+01 1.8600e+00 1.8600e−01 5.8163e+05 1.5178e+04
2.50 2 1.1906e+06 1.6467e+01 1.8600e+00 1.8600e−01 9.8644e+05 2.2202e+04
2.50 2 1.1920e+06 4.4252e+01 1.8600e+00 1.8600e−01 1.7406e+05 1.1546e+04
2.50 2 1.1990e+06 1.6309e+01 1.8600e+00 1.8600e−01 7.5125e+05 1.7914e+04
−3.50 3 1.2055e+06 2.3609e+01 1.8600e+00 1.8600e−01 2.4257e+05 9.3804e+03
2.50 2 1.2136e+06 2.2153e+01 1.8600e+00 1.8600e−01 2.8618e+05 1.2156e+04
−0.50 1 1.2149e+06 6.3507e+01 1.8600e+00 1.8600e−01 2.8338e+06 1.1810e+05
−2.50 3 1.2186e+06 4.4930e+01 1.8600e+00 1.8600e−01 1.0755e+05 8.4945e+03
−1.50 1 1.2243e+06 2.3000e+01 1.8600e+00 1.8600e−01 9.0184e+05 6.6018e+04
2.50 2 1.2263e+06 2.3928e+01 1.8600e+00 1.8600e−01 1.6468e+06 4.3326e+04
2.50 2 1.2323e+06 6.1181e+01 1.8600e+00 1.8600e−01 9.6052e+05 6.6945e+04
−3.50 3 1.2326e+06 4.3872e+01 1.8600e+00 1.8600e−01 1.9216e+06 3.6858e+04
−1.50 1 1.2351e+06 8.4838e+01 1.8600e+00 1.8600e−01 6.7177e+06 1.7747e+05
2.50 2 1.2382e+06 6.8285e+01 1.8600e+00 1.8600e−01 1.1901e+05 1.1640e+04
2.50 2 1.2502e+06 2.1555e+01 1.8600e+00 1.8600e−01 8.5914e+05 2.5727e+04
−0.50 1 1.2478e+06 4.7892e+01 1.8600e+00 1.8600e−01 8.2445e+05 5.4160e+04
0.50 0 1.2435e+06 5.6585e+01 1.8600e+00 1.8600e−01 8.8130e+05 6.9899e+04
−2.50 3 1.2603e+06 4.8868e+01 1.8600e+00 1.8600e−01 1.5106e+05 1.0708e+04
−3.50 3 1.2625e+06 3.8427e+01 1.8600e+00 1.8600e−01 6.0806e+04 5.0283e+03
1.50 2 1.2761e+06 4.7231e+01 1.8600e+00 1.8600e−01 5.7148e+06 1.0162e+05
2.50 2 1.2802e+06 3.2321e+01 1.8600e+00 1.8600e−01 5.3783e+05 2.6738e+04
−2.50 3 1.2848e+06 4.4398e+01 1.8600e+00 1.8600e−01 2.8596e+05 1.7610e+04
−2.50 3 1.2910e+06 3.3960e+01 1.8600e+00 1.8600e−01 3.9039e+05 1.8359e+04
−3.50 3 1.3117e+06 3.1356e+01 1.8600e+00 1.8600e−01 2.7687e+05 1.1680e+04
−1.50 1 1.3266e+06 4.0387e+01 1.8600e+00 1.8600e−01 5.5264e+05 3.2027e+04
−2.50 3 1.3206e+06 5.3470e+01 1.8600e+00 1.8600e−01 1.0034e+05 8.2431e+03
−2.50 3 1.3237e+06 5.1214e+01 1.8600e+00 1.8600e−01 1.1076e+05 8.7303e+03
1.50 2 1.3393e+06 3.9665e+01 1.8600e+00 1.8600e−01 3.7670e+05 1.9531e+04
−1.50 1 1.3426e+06 2.8433e+01 1.8600e+00 1.8600e−01 1.2532e+06 4.7337e+04
2.50 2 1.3478e+06 3.0794e+01 1.8600e+00 1.8600e−01 3.5160e+05 1.6563e+04
−3.50 3 1.3511e+06 3.0531e+01 1.8600e+00 1.8600e−01 3.7822e+05 1.5479e+04
−2.50 3 1.3676e+06 5.5092e+01 1.8600e+00 1.8600e−01 8.9839e+04 7.8244e+03
0.50 0 1.3627e+06 6.0114e+01 1.8600e+00 1.8600e−01 5.3360e+05 3.7988e+04
2.50 2 1.3730e+06 4.8175e+01 1.8600e+00 1.8600e−01 1.5623e+05 1.1846e+04
1.50 2 1.3773e+06 6.9104e+01 1.8600e+00 1.8600e−01 4.2334e+06 2.2020e+05
1.50 2 1.3784e+06 9.1159e+01 1.8600e+00 1.8600e−01 4.2460e+06 2.3736e+05
−2.50 3 1.3946e+06 6.9487e+01 1.8600e+00 1.8600e−01 1.4380e+05 1.2936e+04
−3.50 3 1.4062e+06 2.8308e+01 1.8600e+00 1.8600e−01 5.9069e+05 1.9553e+04
2.50 2 1.4113e+06 2.5125e+01 1.8600e+00 1.8600e−01 9.2008e+05 2.7659e+04
1.50 2 1.4239e+06 5.1277e+01 1.8600e+00 1.8600e−01 4.1553e+05 2.8876e+04
−3.50 3 1.4277e+06 2.8342e+01 1.8600e+00 1.8600e−01 8.9886e+05 2.6210e+04
−3.50 3 1.4311e+06 6.1164e+01 1.8600e+00 1.8600e−01 1.5231e+05 1.2041e+04
2.50 2 1.4406e+06 4.5069e+01 1.8600e+00 1.8600e−01 4.7279e+05 2.7721e+04
−3.50 3 1.4411e+06 9.8739e+01 1.8600e+00 1.8600e−01 2.1500e+05 2.0478e+04
−2.50 3 1.4749e+06 5.6515e+01 1.8600e+00 1.8600e−01 5.1734e+06 9.5972e+04
−3.50 3 1.4847e+06 3.0499e+01 1.8600e+00 1.8600e−01 7.6224e+05 2.3609e+04
11
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